We describe a new multi-spectral system for range profiling and surface characterization based on time-correlated single photon counting (TCSPC). This system has six laser diode sources with discrete wavelengths in the range 630-972 nm arranged around the circumference of the aperture of a receiving Schmidt-Cassegrain telescope that focuses the multiple wavelength return onto an optical fibre. Single photon avalanche diodes are used to detect the six independent wavelength channels, separated by an optical routing module. We also describe two methods for detecting the numbers, positions, heights and shape parameters of signal returns in the spectra returned from several surfaces within the sensor field of view. The first method has two principal stages, non-parametric bump hunting and maximum likelihood estimation using Poisson statistics. Recently we have adopted a reversible jump Markov chain Monte Carlo approach that has the potential for better detecting hidden or closely overlapping returns.
Introduction
Laser detection and ranging (LaDAR) systems have been widely applied to distance measurement and 3D imaging in a wide range of applications including industrial metrology, environmental survey and remote target characterization [1] . Normally, LaDAR systems use a single wavelength, coherent source; however, if several laser sources at different wavelengths are used this allows us to combine distance measurement with an assessment of the surface colour signature, which augments the limited reflectance information that can be obtained by integrating a single laser wavelength return. We have adopted a particularly sensitive and accurate approach to LaDAR measurement based on time-of-flight, time-correlated single photon counting (TOF-TCSPC) [2, 3] , capable of resolving returns from several discrete surfaces in the field of view of the sensor. In this paper, we describe the principles of the new multi-spectral sensor, and two different approaches for better interpreting the range information in a single wavelength return. As yet, each wavelength is processed independently, so the processing strategy is described with respect to a single wavelength distance measurement.
Optical system design and range measurement
In a TOF-TCSPC laser ranging system, typically a semiconductor laser is pulsed at a frequency of several megahertz with pulse duration of the order of tens of picoseconds. The laser beam is directed onto the measurement surface and the scattered returns are collected by an optical receiver and focused onto the detector, in our case a silicon single photon avalanche diode (SPAD). A typical single photon measurement may be subject to a jitter of 100-1000 ps, but several photon returns can be integrated and recorded as a histogram of number of received photons against delay time. • mirror and a XY Z fibre positioner to allow coarse and fine alignment of the return signal, respectively.
Figure 2.
Schematic plan of the optical routing module. This shows the launch unit for the broadband signal received by the telescope, the diffraction grating that is used to separate the six discrete wavelengths and the replicated fibre-coupled lens assembly that focuses each signal onto each SPAD detector.
Processing these data can lead to a time resolution of less than 1 ps. The fundamentals of the approach are described fully in [2, 3] . Figures 1 and 2 illustrate respectively the transmitter/receiver assembly and the optical routing module that form the core of the optical design for the new multi-spectral sensor. This has six independent laser wavelengths, designed to act as a source for TOF-TCSPC distance measurements at ranges from a few hundred metres to several kilometres. In figure 1 , the six transmitting laser diodes have wavelengths of 630, 687, 780, 842, 913 and 972 nm arranged in a ring around the outer of a 200 mm aperture, catadioptric Schmidt-Cassegrain telescope that focuses the multiple wavelength return onto an optical fibre mounted on a translation stage. Each laser mount has retaining springs and two 0.5 mm pitch thread screws that provide independent pitch and yaw adjustment and hence independent alignment of each laser onto the surface of interest. The CMOS camera is used for initial coarse alignment of the laser transmitters and receiver, and is removed from the optical path during the actual measurement of range. Fine alignment is achieved by the XY Z micropositioner that is adjusted to maximize the returned multiple wavelength signal.
The fibre from the telescope is connected to the input port of the custom-made optical routing module shown in figure 2 . The launch unit consists of a 9 mm diameter, 12 mm effective focal length (EFL) achromat lens (surfaces S1-S3). This collimates the output from the fibre to a beam of nominal diameter 6 mm that is directed onto a plane-ruled reflectance grating approximately 200 mm away (labelled S5) that separates the six wavelengths in the horizontal plane. The grating has a ruled area of 26 mm × 26 mm with 1200 grooves mm −1 , a blaze wavelength of 760 nm and a blaze angle of 26.7
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• . The collection unit is based on a commercial FCPC fibre-coupler package. The lens, surfaces S7 (aspheric) and S8 (plano-type) in figure 2 , has a diameter of 6.4 mm and an effective focal length of 11 mm at 633 nm. Since this corresponds to the lowest wavelength used in this system, a proprietary optical design software package was used to compute the image distances and spot sizes for each of the other, longer wavelengths. Multimode fibres of core sizes 50-100 µm diameter were selected for each particular channel on the basis of this optical modelling. The convenience and cost of using this particular fibre-coupled package outweighed the potential advantages in using lenses optimized for each spectral channel. The launch beam, grating and the individual collection modules for each channel were aligned with the aid of pinholes, labelled PH in figure 2 , and an external He:Ne laser beam. When completed, the optical routing module had measured optical losses ranging from 2.7 dB at the 630 nm wavelength increasing to 10 dB at the 975 nm wavelength, consistent with the calculations of the optical design and analysis. The increase in wavelength results in increasing optical aberrations and associated defocus errors as lenses are operated further from their design wavelength, in addition to the spectral dependence of the grating loss.
In figure 3 , we show an example of the six wavelength returns from a corner cube reflector at a range of 2 km. The temporal axis is shown with reference to the actual laser pulse transmitted to the target reflector-in this case delayed by approximately 8 µs-in order that aliasing does not play a part in these measurements. The large differences in background signal level are caused by a number of factors, including the optical throughput varying spectrally across the six channels due to differing diffraction efficiency, the spectral shape of the solar background and the differing choice of multimode fibre core diameter at the outputs of the optical routing module. We have observed, but not fully studied for this system, further problems in measurement due to beam scatter, scintillation and atmospheric loss. In general, beam scatter is caused primarily by atmospheric aerosols and results in a significant reduction in photon return count rate. Scintillation, caused by turbulence [4] , causes fluctuations in the total count rate if, for example, measurements with short acquisition times are repeated. This can be observed as a twinkling appearance of the return signal, particularly from a retro-reflector target. Atmospheric loss results simply in a reduction of the overall signal strength and is strongly dependent on the meteorological conditions.
Interpreting the photon count data
To interpret the data, we have used the parametric form of the expected temporal variation of the photon count distribution shown in equation (1) . Although this piecewise exponential model is an operating model rather than a true model of the detector response, it is consistent with our own observations and those of Stellari et al [5] who investigated the behaviour of SPADs in some detail.
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However, there are many cases of several returns that may be overlapping in position and possibly weak in comparison with the background level, either because they have been observed at a distance or because the reflectance in the direction of the sensor is low. Figure 4 shows an experiment in which two retro-reflecting corner cubes were placed 20 cm and 10 cm apart at a distance of 2 km from the sensor depicted in figure 1. In this example, the peaks are very well defined because the reflectors are nearly perfect; the problem is to detect the existence of the two peaks as the distance between them diminishes. On the other hand, figure 5 shows a photon count histogram that has many returns. In fact, this particular example is from the sensor described in [3] rather than that of figure 1, but the form of the data is exactly the same. However, this sensor allows us to operate in laboratory environment and is useful for experimental analysis of algorithms previous to field deployment. In this example, the multiple returns shown are due to several reflections from an alignment trace of a series of optical lens elements. Therefore, the observed photon Figure 5 . Multiple overlapping returns from a series of optical elements, taken under laboratory conditions, using a single spectral system described in [2] .
histogram, F(i, ), is a statistical mixture constructed from a random sample of a distribution with density
where is the combined parameter vector, n is the number of terms in the summation, which depends on the number of surface returns. f j (i, p j ) denotes the functional form from the j th scatterer, where f (·) is defined by equation (1) . The parameter B represents the background photon count level.
Non-parametric peak finding and maximum likelihood estimation
If the exact temporal response of the return from a single surface is known then this can be used to form a crosscorrelation with the unknown signal data to maximize the peakto-background level for each peak, provided the Poisson count distribution can be approximated by Gaussian distribution at high count levels [6] . However, there are several cases where Figure 6 . Application of kernel-based smoothing to obtain the first and second derivatives from multiple return, photon count data. Table 1 . Maximal likelihood estimation of the peak height, position and width/decay parameters using the representation of equation (1) and the simulation of figure 4. The true simulated peak heights and positions are shown in brackets. The computed background level was 5.92(5) counts. The estimates of the other parameters are shown for illustrative purposes and vary from the fitted reference as shown. (The reference parameters were taken from a real photon count return of a single, isolated peak, not shown). the exact form is unknown, the temporal response is changed by atmospheric transmission, or it is broadened by the reflection of a diverged beam with a surface that is distributed in depth across the beam diameter. To deal with these cases, we apply a non-parametric, bump hunting procedure [7] that provides an initial estimate of the number, amplitude and positions of the suspected returns. This uses Gaussian filters of progressively decreasing standard deviation. Chaudhuri and Marron [8] have shown that there is a similarity between the statistical procedure of applying kernel density estimates and scale space filtering in computer vision. In their work, they derived SiZer (significant zero crossings of derivatives) maps, in which a zero crossing in a smoothed derivative at a certain scale was indicative of a mode, or peak, of a given width. However, in our approach, second derivative filters are also applied to the original data, and we detect peaks in the second rather than zero crossings in the first derivative. This arises primarily from the desire to detect multiple returns when indicated only by multitangentiality, such as that shown in the rightmost figure 4. Figure 6 shows an example of this process applied to a simulated photon count histogram having four closely separated returns.
The use of simulated data allows comparison of the method against ground truth; the signal amplitudes are 50, 100, 45 and 50 counts at peak positions of 1884, 1935, 1990 and 2200 bins respectively, against a background of five counts. Concentrating on the second derivative data, there are negative peaks at 1935 and 2200 bins corresponding to the modes, but the co-tangential points at 1884 and 1990 bins are also highlighted. At 1884 bins, where the first derivative is positive, the existence of a further negative peak in the curvature shows a possible additional return. At 1990 bins, where the first derivative is negative, the existence of a further positive peak in the curvature shows an additional return.
Once the initial estimate is obtained, we compute a maximum likelihood estimate [9] (MLE) of the set of parameters φ = {p 1 · · · p n , B} that best explain the observed data. However, we wish to detect returns of low magnitude so that the Gaussian approximation may not be valid. Therefore, the number of photons, c i , in bin i , is considered as a random sample from a Poisson distribution, with expected mean and variance
. As negative counts are not possible, and the product term is typically very small for any significant number of bins, it is more common to use the logarithm of the MLE. Omitting a term due to the summation of total counts, c, this means minimizing
The results of the final MLE process are shown in table 1, in which there is good detection of the four returns and agreement with the simulated values. However, the process in still dependent on the curvature analysis, and may still not resolve even more closely overlapping returns, which has lead us to consider an alternative approach described in the next section. Graph showing the variation of measured separation between two corner cubes using the multi-spectral system at the 630 nm wavelength.
Reversible jump, Markov chain Monte Carlo
Markov chain Monte Carlo techniques [10] allow us to explore the full posterior distribution of the parameters of the mixture distribution of equation (2) from the data values, c, supplied by the photon count histogram. In effect, the parameters we seek are estimated from the values of a Markov chain whose limiting distribution is a target distribution π. In our case, π is the full posterior distribution, and a proposal distribution that governs the way in which the space of suitable parameters is explored. If we do not know how many returns are present, the number of parameters is not fixed since each new return adds new parameters.
The reversible jump Markov chain Monte Carlo (RJMCMC) [11] approach is an extension of the basic MCMC algorithm designed to allow jumps between different dimensional spaces. To make the problem less complex, we have assumed that the shape parameters of the return are known, i.e. that only β and t 0 vary in table 1 for example. As the background is also a variable this means that the final estimate has (2n+1) parameters, i.e. two for each surface return and one for the background.
The different moves allowed are an update to the parameters of the returns in the mixture distribution, keeping n constant in equation (2), a random birth or death of a return, i.e. incrementing or decrementing n, and the random splitting of a peak into two peaks or merging of two peaks into a single peak. Assuming the current state of the parameter variable set is (n, φ), we propose a move to a state (n , φ ), drawn from the proposal probability density, q m (n , φ , n, φ). The full posterior distribution, π(n, φ|c), can be approximated by the product of the likelihood function that includes the current number of returns, n, i.e. L(c|n, φ), and the full prior distribution of the number of peaks and the set of parameters, π(n, φ), by means of Bayes theorem. The proposed move is accepted with a probability given by the following expression:
If we do not change the number of returns, we have a conventional step for improving the current return parameters in a state space of fixed dimension. Equation (4) reduces to the Metropolis-Hastings acceptance probability,
Whereas the target distribution is given by the shape parameters of the SPAD return, the proposal distribution is chosen to be representative of the solution space, yet to allow rapid convergence to a limiting solution. We have chosen gamma distributions to propose updates to the amplitude parameters, and a normal distribution for updates to the positional parameter, to allow a random walk in the parameter space. Updates are proposed independently to each parameter. Hence,
A birth, death, split or merge implies a change in the parameter space (n varies). In this case the reversible jump is needed and the acceptance probability reduces to
Here, r m (·) is the probability of choosing a move of type m when in state φ, and u is a vector of continuous random variables. This ensures the reversibility of the deterministic function φ = h(φ, u) and allows the move to a higher dimensional space. q 2 (·) is the joint probability density function of u. The third, Jacobian term in equation (7) ensures the 'dimension-balancing' condition for reversible jumps.
For a birth we have to make a choice for the initial parameters of the proposed new peak. In practice we again use gamma (amplitude) and uniform (position) distributions. For a death, we choose a peak at random from the existing peaks. The split and merge moves are more complicated. Initially, a single peak is chosen at random for a split, but the positions and amplitudes of the new peaks are chosen in a more deterministic fashion that takes into account the need to equate the total mass of the two new peaks with the original single peak. For a merge, the two initial peaks must be within a temporal separation below a certain threshold and again, mass balancing is considered. Full details of the process are explained in [12] .
Experimental results
In figure 4 , we show two examples from a series of experiments to test the range resolution of the multi-spectral system using a pair of reflecting corner cubes at distances of 330 m and 2 km at collection times of 0.1, 1 and 10 s. As the histograms are relatively undemanding, these data have been processed by the MLE method. Figure 7 shows a graph of the distance measured against 'ground truth' provided by a ruled gauge to an accuracy of 1 mm. A regression fit to the line is y = 9.09 + 0.99x (cm), with a mean absolute error of 0.6 mm between the laser and gauge measured data. In figure 8 , we illustrate the ability of the RJMCMC approach to find multiple peaks in the data acquired from the optical assembly, for which the original photon count data are shown in figure 5 . As the system was enclosed, we cannot compare the absolute positional parameters with ground truth, although we have done extensive simulations that do show good agreement between the simulated and the retrieved values. In this particular example of real data, thirteen peaks are found, many of which overlap.
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Conclusions
In this paper we have presented work on the design of a multispectral LaDAR system using time-correlated single photon counting to determine the range and spectral signature of objects using several wavelengths. We have also presented analyses of the resultant data histograms using bump hunting, maximum likelihood and reversible jump Markov chain Monte Carlo techniques.
In experiments to resolve depth from reflecting surfaces at several kilometres, we have shown good agreement between the processed parameters and ground truth using maximum likelihood estimation. Further experiments using reversible jump Markov chain Monte Carlo algorithms have shown the potential to detect 'hidden' returns that may not be found by a bump hunting process. Future work is directed towards improving this technique, and to the incorporation of spectral or spatial constraints in a scanned image.
